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Abstract

Increasingly, researchers are using large language models
(LLMs) to generate synthetic survey responses and behavioral
data as a substitute for sampling from real populations. In
this paper we show that LLMs produce data that is incoherent
with respect to the statistical structure of real populations,
which requires that the mean of a measurement for any parent
population must lie within the range of the means of its con-
stituent subpopulations. LLMs violate this condition at rates
similar to purely random predictions. Existing benchmark
evaluations compare LLM output to measurements of human
behavior, but these comparisons cannot directly speak to how
the method works in new settings. By contrast, our tests can
be run on LLM output alone, allowing coherence to be eval-
uated in novel environments where objective comparisons do
not exist.

1 Introduction

Imagine you are teaching a student about averages. You task
the student with measuring the heights of the track and field
team and ask them to report the average height of the track
athletes, the average of the field athletes, and the average of
the team overall.

At the next practice, the student measures the athletes,
finding they are 5 feet 6 inches tall on average. However, in
their excitement, the student forgets to record the event each
athlete competes in. Fortunately, all the athletes are present
the next day. The student measures them again and each
athlete’s event, finding the average track athlete is 5 feet 10
inches tall, and the average field athlete is 5 feet 8 inches tall.

Since you are an excellent instructor, the student sees the
anomaly immediately. The data violates the law of iterated
expectations, as no weighting of the track athlete and field
athlete averages could produce the original overall average.
The student, frustrated, realizes neither result is reliable.

In this paper, we show that a researcher using large lan-
guage model (LLM) output as a substitute for human subjects
faces the same scenario as this student.

In a growing literature, researchers use LLMs to emulate
human populations through the use of “personas,” or prompts
that include demographic or other relevant identity informa-
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tion. The LLM’s responses are used to construct synthetic
populations for surveys, behavioral experiments, and other
analyses. The responses are then aggregated to make infer-
ences about populations made up of those personas.

This procedure assumes that LLMs can emulate popula-
tions: given demographic personas, they return samples from
some conditional distribution associated with those demo-
graphics. As our student’s conundrum demonstrates, even
without an objective baseline to compare against, we can test
whether data produced by LLMs could be consistent with the
conditional distributions of some coherent population. If this
is the case, the mean of any predicted parent population must
lie between its constituent subpopulation means. When a set
of means violates this, we call it incoherent.

In every game and survey question in our data, we find
that LLMs are incoherent. These failures occur in every
model we study, including contemporary and older models,
across a wide range of model sizes, in both proprietary and
open-weight models, and in “thinking” and “non-thinking”
models. The failure rate is high. In our experiments 43% of
all marginal distributions generated by LLMs are incoherent.
As a reference, a discrete uniform random number generator
would be incoherent 53% of the time. We can statistically
reject coherence for every LLM we study: LLMs generate in-
coherent distributions at a rate at least six times higher than
the highest rate a coherent null would imply.

Incoherence should raise serious concerns about the reliabil-
ity of silicon sampling. Suppose we want to construct “digital
twins” with a series of prompts representing various demo-
graphic groups, and then appropriately weight these twins
to infer how new populations would perform on new tasks
(Park et al., 2024). If an LLM is incoherent, different ways of
constructing the same parent population from prompted sub-
population personas will yield different results in a way that
cannot be corrected by any reweighting. Like our student, we
do not know which data, if any, to trust.

2 Literature

To our knowledge, Aher et al. (2023) were the first to suggest
that LLMs can substitute for human subjects, and Argyle
et al. (2023) were the first to propose the use of LLMs as
substitutes for human subpopulations in polling. This general
approach is often referred to as “silicon sampling.”

In both academic research and industry there are attempts



to construct “digital twins” of individual people (Park et al.,
2024; Toubia et al., 2025) in order to use LLMs in place of hu-
man responses in polling and market research. Several promi-
nent papers posit that LLMs can be used to cheaply explore
the hypothesis space and extrapolate to new situations with-
out costly and time-consuming pilot studies (Henning and
Camerer, 2026; Anthis et al., 2025; Ashokkumar et al., 2026;
Xie et al., 2025). The argument for this is straightforward:
LLMs are trained on large quantities of human-generated
data, and as a consequence they learn a representation of hu-
man behavior (Grossmann et al., 2023; Horton et al., 2023).
In practice, researchers have found empirical correlations be-
tween LLM and human responses in several domains (Dillion
et al., 2023; Mei et al., 2024; Manning and Horton, 2026).

Unsurprisingly, such a bold claim has generated contro-
versy. Several papers document that LLMs are sensitive to
seemingly inconsequential changes in prompts, like the or-
der of the allowed responses (Dominguez-Olmedo et al., 2024;
Tjuatja et al., 2024). Others find that LLM output is often
correlated with human subject samples, but biased in ways
that make it an inadequate substitute (Pataranutaporn et al.,
2025; Boelaert et al., 2025; Santurkar et al., 2023). Further,
LLM output has substantially lower variance than that of real
populations (Bisbee et al., 2024), and response distributions
are internally inconsistent when aggregated using real survey
weights (Li et al., 2025).

Finally, there is a literature that analyzes the conditions un-
der which inference from LLM simulations is valid. Ludwig
et al. (2024) derive conditions under which LLM output can
substitute for human subjects, and Vafa et al. (2024) char-
acterize the internal coherence of an LLM’s “world model.”
There are a number of approaches that attempt to repair these
potentially biased inferences and validate LLM experiments;
see Hullman et al. (2026) for a thorough discussion.

Existing approaches to test the validity of silicon sampling
rely on population weights (Li et al., 2025) or human bench-
mark data (Xie et al., 2026). We contribute to this literature
by showing that assumptions inherent in silicon sampling can
be tested with LLM output alone, without reference to objec-
tive benchmark data.

3 Theory

Populations are inherently hierarchical, composed of various
subpopulations, which are themselves composed of further
nested subpopulations. Throughout this section we consider a
(parent) population that can be decomposed into K mutually
exclusive subpopulations indexed by i. Let Y, be a random
variable representing responses of individuals in a population
for some task, and let Y; be a random variable representing
responses for individuals from subpopulation ¢ for the same
task. Each subpopulation i represents a proportion w; (with
w; > 0 and Zfil w; = 1) of the total population.!

Similarly, let Y}, ,,, represent model m’s simulated responses

1We note that any population can be decomposed into many such
families of subpopulations. For example, the population of adults can be
decomposed into subpopulations based on age, based on gender, based on
age/gender combinations, or based on other criteria. These constraints
apply to any population and any decomposition.

to the same task for the same population, and let Ylm be
a random variable representing the predictions of model m
conditioned on a “persona” representing subpopulation 7 for
the same task.

Because a parent population is a mixture of its subpopu-
lations, by the law of iterated expectations, the mean of the
parent population must be the weighted sum of the means of
the subpopulations:

K
EY,] =3 wiElYi. 1)

i=1
Since the weights w; sum to one, the population mean is a
convex combination of the subpopulation means, and so the
mean of the parent population must be within the extremes
of the subpopulation means:

min {E[Y]} <E[Y,] < max {E[¥i]} . @)

If an LLM, m, can coherently emulate populations, then the
predictions it makes directly about a parent population should
be consistent with some mixture (using weights w;) of its sub-
population predictions. That is, E[Y ] = Zfil BiE[Vi )]
for some weights w;.

Expression (2) requires that the mean of the parent popu-
lation lies between the means of the most extreme subpopula-
tions. We say an LLM is incoherent for a task and marginal
if:

E [Yp,m} < min {IE [Km]} orE [Y;,m} > max {IE [Yi,m] } . (3)

This structural restriction must hold recursively. Since each
subpopulation is itself composed of lower-order subpopula-
tions, the mean for each subpopulation must lie between the
extremes of its lower-order subpopulations and so on.

Note that we do not insist that the weights w; correspond
to the true population weights w;. In this sense, the condition
for coherence implied by (3) is weaker than what would hold
in real data. Our condition tests, within each task, whether
there exists any set of weights that can justify the relationship
between the parent population mean and the subpopulation
means. For a real population, there is a fixed set of weights
that can justify this relationship across all tasks.

4 Methods

4.1 Personas

In silicon sampling, a subpopulation is represented by a per-
sona: a text description of the demographic group the LLM is
being asked to emulate, placed in an LLM’s system prompt.
A system prompt can be understood as instructions for the
LLM on how to behave, while the the user prompt is used to
convey the task.

Our test for incoherence relies on the nested structure of
populations. To generate useful data, we use a hierarchical set
of personas which are nested in two dimensions: age and gen-
der. We use adults living in the United States as our baseline
parent population, which is then subdivided into subpopula-
tions by age, gender, and age/gender combinations. We use
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Figure 1: The hierarchical structure of personas. Each of

the nine rectangles represents a marginal for which we can
test incoherence. For example, the eight gender/age personas
must be coherent with respect to the baseline. The two gen-
der personas must be coherent with respect to the baseline.
The four age personas must be coherent with respect to base-
line. For each of the four age groups, the two gender/age
personas with that age must be coherent with respect to the
relevant age-only persona. For each of the two genders, the
four gender/age personas with that gender must be coherent
with respect to the relevant gender-only persona.

four age brackets (18-29, 30-49, 50-64, and 65+) and two gen-
der categories (man, woman). The text for all of our personas
is provided in Appendix Section A.1l.

This hierarchical structure ensures that every one of our
most specific personas (for example, a woman aged 18-29) is
a member of multiple parent populations (in this case, the
group of all women, the group of all 18-29 year-olds, and the
baseline adult population). This nesting allows us to test
coherence along the nine marginals depicted in Figure 1.

In common practice, for example with digital twins, per-
sonas are far more detailed than those we use in this research.
In our setting more detailed prompts add more marginal dis-
tributions, which makes it harder for models to pass a coher-
ence test. In this sense, our choice of simple but richly nested
personas is a conservative one.

4.2 Tasks

We have selected a set of representative tasks from behavioral
economics and opinion polling. The behavioral economics
tasks include the dictator game, the prisoner’s dilemma, the
beauty contest game (guessing two-thirds of the average), and
a risk elicitation task. Our opinion polling tasks include ques-
tions on presidential approval, abortion legality, and the im-
pact of Al adapted from Pew Research Center surveys. We
have turned each task into a user prompt that instructs the
LLM to respond with a single number. See Appendix Section
A.1 for details.

4.3 Models

Our analysis uses a range of LLM models chosen to represent
those commonly used in the literature.

To represent the proprietary model frontier at the time
of our data collection, we have included OpenAIl’'s GPT-5.4

along with its smaller mini and nano variants. Because GPT
models have been widely used in the past literature, we have
also included two previous-generation frontier models, GPT
40 and GPT 3.5 Turbo.

To represent frontier open-weight models we have included
several latest-generation DeepSeek models (V4). Within the
DeepSeek family, we have included the Flash and Pro models
with Max, High, and No reasoning variants of each.

For historical reasons, we have also included the Llama fam-
ily of models. While these are no longer considered frontier,
they have been used in the open-weight silicon sampling lit-
erature (Li et al., 2025; Xie et al., 2025).

4.4 Sampling

LLMs operate by predicting a likelihood distribution for the
next token (word or word-part) given a text sequence. When
generating text, each token is added to the sequence by sam-
pling from this likelihood distribution. Since our tasks require
returning only a single token we can use this distribution of
each acceptable task response directly, which is far more effi-
cient than sampling one token at a time from that distribu-
tion.?

However, even these distributions are non-deterministic and
require sampling. For models without chain-of-thought, vari-
ation is small and comes from changes in floating-point op-
erations between batches (Yuan et al., 2026). For chain-of-
thought models the likelihood distribution usually degener-
ates to a single token. In these cases, using the token dis-
tribution does not substantially improve efficiency, and these
models require a large number of queries to get accurate es-
timates of the mean response.

To achieve uniform power across models we use a cutoff
rule that is unrelated to our hypothesis test, sampling until
the plug-in standard errors fall below 2% of the range of the
allowed response distribution.?

To compute expectations, we calculate the weighted aver-
age of responses, first restricting to the allowed set of tokens
and then normalizing the results to form the implied proba-
bility distribution over the potential task responses.

For consistency, we use a temperature of 1 for all models
and variants. This corresponds to the “raw” predictions of
the model, unadjusted by temperature, and is what typical
APIT endpoints return for a model’s token distribution. This
allows us to estimate an expectation even when thinking is
on, since sampling with a temperature of 1 corresponds to
the the mean token, whereas, e.g., a temperature of 0 would
correspond to the most likely response.

2We accomplish this by accessing the log-probabilities of each re-
sponse for the GPT and DeepSeek family of models and the logits for
the Llama family. All valid task responses are a single token for all
models we consider.

3We require a minimum of 20 samples for each model x task x per-
sona cell, and that there be non-negligible total mass placed on the
allowed response distribution before normalizing to filter out instances
where the models fail to follow instructions and return tokens that rep-
resent acceptable answers.



5 Results

Recall that a model is incoherent for a task and marginal if
the predicted parent population mean is outside the range of
its constituent subpopulation means.

Given the non-determinism of LLM output, predicted par-
ent and subpopulation means are random variables. Although
we have sampled each model x task x persona combination
aggressively to reduce Monte Carlo error, it is possible that
a model appears incoherent by chance. To formally assess
coherence, we test the null hypothesis that the parent mean
is between the highest and lowest subpopulation means; a
rejection implies incoherence by (3).

Denote by Y, the sample mean of the LLM output for the
parent group, and Y; the sample mean of the LLM output for
subpopulation . Let ZZT be the Z-statistic for the population
mean being above the mean for group ¢, and let Zii be the
analogous statistic for below:

ZT_ Y;_YVZ
2 2’
se,, + s¢;

We reject coherence at critical value ¢ if min; ZiT > c or
min; Zii > ¢. Choosing ¢ = 1.96, we reject the null hypothesis
with a rate of at most 5% (Berger, 1982). Rejection requires
every pairwise comparison to reject, so we do not need to ad-
just for multiple comparisons. In Table 1, the “Rate (5%)”
column shows the rate at which this test rejects coherence
at the 5% level, while “Rate” shows the rate of incoherence
implied by the point estimate.

On average, models are incoherent on 43% of their
marginals. Under the coherent null, our test would reject
at most 5% of the time; by contrast we can reject coherence
32% of the time. For comparison, a discrete uniform ran-
dom number generator would be incoherent for about 53% of
marginals.*

Models tend to be more coherent on polling-related ques-
tions, but we still see failures in more than a quarter of
marginals from DeepSeek and Llama models, and in half of
OpenAl’s responses.

The lower rate of incoherence for GPT 5.4 is notable. This
is because of a tendency to respond the same way for all per-
sonas, producing distributions where all marginals are triv-
ially coherent. It uniformly responded with 0 in the beauty
contest game and 5 in the dictator game, and responded 2 on
the abortion question for all but one persona.® Interestingly,
GPT 5.4 was the only model that regularly responded in this
manner.

Of the tasks where GPT 5.4 did not predict a constant
mean, its overall rate of incoherence was 36%, and we can
reject coherence at the 5% level for 31% of its marginals.
These numbers are far closer to the rest of the models. Thus,
GPT 5.4 is not more coherent than other models because it is

T 0

4There are K + 1 locations the parent group could fall in the ordering
of these means. T'wo are incoherent. Thus, the probability of incoherence
for randomly generated means for a marginal with K subpopulations is
2/(K +1).

5In the case of the legalizing abortion question, GPT 5.4 produced
an answer of 2 for all personas except men 65 and older, for whom it
predicted a mean response of 2.08.

more faithfully emulating a population, but rather because it
sometimes completely ignores the demographic conditioning.

Model Rate Rate (5%)
DeepSeek

DeepSeek Flash 44% mm  40% wm
DeepSeek Flash High 52% mm  24% m
DeepSeek Flash Max 56% mmm 29% m
DeepSeek Pro 54% mmm 46%
DeepSeek Pro High 37% mm 24% m
DeepSeek Pro Max 33% mm  21% m
Llama

Llama 3.1 8b 3% mm  35% mm
Llama 3.1 70b 32% m 32% m
Llama 3.3 70b 41% 41% wm
OpenAl

GPT 3.5 43% = 37% mm
GPT 40 40% mm 25% m
GPT 5.4 nano 54% mm  37% mm
GPT 5.4 mini 59% mmm  37% mm
GPT 5.4* 21% m 17% m

Table 1: Rates of incoherence by model, as defined in (3).
Rate reports the percent of marginals that are incoherent,
and Rate (5%) reports the rate at which we can reject coher-
ence at the 5% level for each task. A coherent model would
have, at maximum, a “Rate (5%)” estimate of 5%. Many
of the GPT 5.4 marginals are trivially coherent because the
model predicts the same mean across all personas, deflating
the reported incoherence relative to other models.

This case demonstrates that incoherence is a weak, binary
test that may not fully characterize how far away LLM sam-
ples are from realistic population weights. In addition to this
trivial coherence, models can be coherent but make predic-
tions which can only be justified by extreme subpopulation
weights.

Suppose we have predictions that the average height of a
man is 5 feet 9 inches, the average height of a woman is 5 feet
4 inches and the average height of an adult is 5 feet 8.5 inches.
These means are coherent. However, they can only be justified
if men make up a 0.9 proportion of the adult population. The
predictions are nearly incoherent. On the other hand, if the
adult mean were 5 feet 10 inches, no weights can justify the
parent mean. Of the distributions which justify the parent
mean, the one with the smallest excess mass puts a weight
of 1.2 on the male subpopulation and a balancing negative
weight on the female subpopulation.

To provide a nuanced picture of incoherence, we develop a
continuous statistic that nests incoherence, while also allow-
ing us to measure near-incoherence. For each model, task,
and marginal, we calculate the minimum weight that could
be placed on each subpopulation mean to justify the parent
population mean. We then take the maximum over these to
find the most constrained subpopulation weight. We call this
the maximin weight.

Sometimes the data is coherent, but puts extreme con-
straints on the weights. In our coherent height example, the
maximin weight is 0.9. For an incoherent marginal, the max-
imin weight is greater than one. In our incoherent height
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weight construction are in Appendix Section A.2.

example, that weight is 1.2.

When there are more than two subpopulations, the calcu-
lations are slightly more complicated but can be reduced to a
rather simple formula derived in Appendix Section A.2.

Figure 2 shows the CDFs of the maximin weights for our
data. Each column represents a model family. Grey lines
correspond to models within the family (the models are de-
scribed in Section 4.3), and the black line is the pooled CDF
across all models within the family. The first row corresponds
to the four games we ask the LLMs to play, and the second
corresponds to opinion polling questions adapted from Pew.
Details on our prompts are in Appendix Section A.1.

In the case where subpopulations tie, the weights are am-
biguous, so we first limit to unique means. This tie-breaking
convention generates a noticeable jump at 1 in Figure 2. This
happens for many models, and often comes from a nearly de-
generate distribution that reports constants across all subpop-
ulations. This is especially common in GPT 5.4’s responses,
as discussed above, which are often constant across all per-
sonas.

6 Conclusion

These findings suggest that we cannot know which prompts
yield reliable results. We emphasize that no real population
would fail these tests. Further, this paper tests a far weaker
version of coherence than what must hold in a real population.

Our test considers marginals and tasks separately, asking
whether, for any set of marginal distributions within a given
task, there exist weights that justify the parent population
mean. However, in a real population, weights must be the
same across all tasks.

This paper has examined only the mean of an LLM’s re-
sponses, but coherence should hold for any linear functional
of the LLM’s token response distribution. For example, for a
model to be coherent there must be weights that justify the

entire cumulative distribution function!®

Based on the results in this paper we expect the current
generation of LLMs to universally fail these more stringent
versions of our tests.

It may be that intelligent prompting (Manning and Horton,
2026) or appropriate fine-tuning (Xie et al., 2025) could help
to fix this problem. We leave this to future work. Until then,
we believe researchers should be wary of using LLM output
in place of human subjects.
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A Supplementary Information

A.1 Prompts

In this section, we provide additional details on the prompts
used in our research. We have two sets of prompts: personas
and tasks. Personas are provided as system prompts, and
tasks are provided as user prompts.

A.1.1 Persona Prompt Wording

Baseline: You are an adult living in the United States.
18-29: You are an adult living in the United States. You are
between 18 and 29 years old.

30-49: You are an adult living in the United States. You are
between 30 and 49 years old.

50-64: You are an adult living in the United States. You are
between 50 and 64 years old.

654: You are an adult living in the United States. You are
65 years old or older.

Male: You are an adult living in the United States. You are
a man.

Female: You are an adult living in the United States. You
are a woman.



Male, 18-29: You are an adult living in the United States,
you are between 18 and 29 years old, and you are a man.
Male, 30-49: You are an adult living in the United States,
you are between 30 and 49 years old, and you are a man.
Male, 50-64: You are an adult living in the United States,
you are between 50 and 64 years old, and you are a man.
Male, 654: You are an adult living in the United States,
you are 65 years old or older, and you are a man.

Female, 18-29: You are an adult living in the United States,
you are between 18 and 29 years old, and you are a woman.
Female, 30-49: You are an adult living in the United States,
you are between 30 and 49 years old, and you are a woman.
Female, 50-64: You are an adult living in the United States,
you are between 50 and 64 years old, and you are a woman.
Female, 65+: You are an adult living in the United States,
you are 65 years old or older, and you are a woman.

A.1.2 Task Prompt Wording

Prisoner’s Dilemma: You are playing a game with a part-
ner. You choose whether to cooperate or not. If you both
choose to cooperate, you both receive $5. If you choose to
cooperate and your partner chooses not to, you receive $0
and your partner receives $10. If you choose not to cooperate
and your partner chooses to cooperate, you receive $10 and
your partner receives $0. If you both choose to not cooper-
ate, you both receive $2. Will you choose to cooperate or
not? Respond with just a number 0 or 1. Respond with 1 for
‘cooperate’ and 0 for ‘not cooperate’.

Beauty Contest (Guess 2/3 Average): You are playing
a game with a large group of people. Everyone must choose
a number between 0 and 10 (inclusive). The person whose
number is closest to 2/3 of the average of all numbers chosen
wins $10. What number do you choose? Respond with just a
number between 0 and 10 (inclusive).

Risk Aversion: You receive $10. You can keep as much of
this money as you want, or you can choose to invest some or
all of it into a risky option. The money you invest has a 50%
chance of being lost, and a 50% chance of being multiplied
by 2.5 and returned to you. You keep any money you do
not invest. How much of your $10 will you choose to invest?
Respond with just a number between 0 and 10 (inclusive).
Dictator Game: You are playing a game where you receive
$10. You must choose how much of this money to split with
a partner who has $0. How much will you keep for yourself?
Respond with just a number between 0 and 10 (inclusive).
AT Change: You are responding to an opinion survey. Do
you think that the impact of artificial intelligence (AI) on the
U.S. over the next 20 years will be... Please respond with one
of the following options: 1 = Very positive, 2 = Somewhat
positive, 3 = Equally positive and negative, 4 = Somewhat
negative, 5 = Very negative. Respond with just a number
between 1 and 5 (inclusive).

Abortion: You are responding to an opinion survey. Do you
think abortion should be... Please respond with one of the
following options: 1 = Legal in All Cases, 2 = Legal in Most
Cases, 3 = Illegal in Most Cases, 4 = Illegal in All Cases.
Respond with just a number between 1 and 4 (inclusive).
Trump Approval: You are responding to an opinion survey.
Do you approve or disapprove of the way Donald Trump is

handling his job as President? Please respond with one of the
following options: 1 = Strongly Approve, 2 = Somewhat Ap-
prove, 3 = Somewhat Disapprove, 4 = Strongly Disapprove.
Respond with just a number between 1 and 4 (inclusive).

A.2 Calculating Maximin Weights

In this section, we derive a closed-form expression to calculate
maximin weights.

Let 3_/;7 be the parent mean, and let Y; be the subpopulation
mean for subpopulation ¢ € {1,..., K}. Let W be the set of
weight vectors w = (wi,ws,...,wx) which sum to one and
justify the population mean:

K

K
szﬁiyp,zwlil .
i=1

i=1

W=(qw (5)

We do not restrict weights to be positive. When the data
is incoherent such that Yp is outside the convex hull of the
subpopulation means, negative weights are required to justify
the mean and solve the condition in (5). However, if there
are three or more subpopulations, the possibility of arbitrary
negative weights implies that, for any subpopulation, there
exists a weight vector where w; = 0.

For this reason, we restrict negative mass to be as small as
possible. For coherent means, this implies the weight vectors
considered in the calculation of the maximin weight are re-
stricted to actual distributions (non-negative weights). When
the means are incoherent, no distribution of the subpopula-
tions can justify the parent mean. Instead, what we consider
in the calculation of the maximin weight is the set of weight
vectors that justify the parent mean and are as close as pos-
sible (in terms of negative mass) to a true probability distri-
bution. The amount of negative mass acts as a continuous
measure of how far away the data is from coherence.

To formalize this, we construct the set S of weight vectors
in W that have the smallest negative weight. Let [ be the
smallest negative mass of all weight vectors in W. That is:

K
l= ur)rélvré ;‘min{wi,O}‘ (6)

Using this, we can define S as,

S =

K
wlw € W,Z’min{wi,OH =1 (7)

=1

We can now define the maximin weight. Let w; be the small-
est w; in the set S. This is the minimum weight needed on
subpopulation 7 in any set of weights that justify the parent
population’s mean:

w, = min{w;|w € S}. (8)
The subpopulation weight that is most constrained by the
data is then the maximum over these minimum weights for
each subpopulation:

max _ w;. 9)

Wmaximin = w,
€{l,...,.K}



When there are two identical subpopulation means, there al-
ways exist weight vectors where either of them is zero. This
is the case even if, in every weight vector in S, one of these
weights must be strictly positive. This only happens with
identical values, i.e. when a model “collapses” and reports a
constant response across subpopulations. This never happens
in real data: samples from two different subpopulations will
always have different means.

In order to make the statistic well-defined, we take Y; to rep-
resent the unique subpopulation means, and interpret weights
in the context of distinct subpopulations.”

Furthermore, we assume without loss of generality that the
unique subpopulation means are ordered:

Yl < }72 < ... < YK,1 < YK. (10)
When we have only two subpopulations, S is a singleton, so
the calculation of Wyaximin is straightforward. We show be-
low that the following closed-form expression is equivalent to
Wmaximin fOr any number of subpopulations when K > 3.
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To see how this expression works, consider the case with four
unique subpopulation means. We start with the scenario that

57}7 is between the middle two unique subpopulation means.
This is the third case in (11).

In this case we can find weights where Y, is either a weighted
average of Y5 and Y3, or a weighted average of Y; and Yj.
While weights must sum to one, no single point is required to
have strictly positive weight and so wmaximin = 0.

Now suppose Y is adjacent to one of the extremes. Here,
we take the case of Y; < Y < Yy, but the logic also applies
to Y; < Y < Y,. These correspond to the fourth and second
case of (11) respectively.

NavEeY

Here, the only way to justify Yp is to put strictly positive
weight on Y;. There are many averages that do this, but the
one which requires the smallest weight on w, is the unique
weighted average of Y3 and Y} equal to 5_/;, The unique weight

"This assumption is only used for calculating maximin weights. Table
1 reports incoherence without relying on this unique value construction.

on subpopulation 4 in this case is given by the following for-
mula: _ _
Y,-Y;3
Yi-Ys

Now consider the case where Y, is outside of all of these
points. We consider Yp > Y, here, but the logic also applies
to Y, < Y1. These are the first and fifth cases of (11) and are
the incoherent possibilities.

Vi Ys Y3 Y,

wy = (12)

In this case, S is a singleton. The weight vector with the
1

smallest negative mass requires that welght be placed

on Yy, the balancing negative weight goes to the furthest away
element of the set, Y7, and the other weights must be zero.
Now we prove that (11) is the maximin weight in S.

Proposition 1. Let S, Y; and Y, be defined as above. Then
the expression (11) is the mazimin weight when K > 3.

Proof. We assume without loss of generality, as above, that
Y; are sorted by size with Y; the smallest. Suppose that there
exist two elements Y < Y, < Y and two elements such that
Y, < Yk_1 < Yi. This is the thlrd case of (11).

Recall that we work with unique responses, so exact equal-
ity of two means is impossible. Then the maximin weight
is immediately zero, as there exist weights such that w1 Y7 +
wKYK— and w23/2+wK 1YK 1 —Yp.

Next, COIlbldeI“ the fourth case of (11) where Yx > Y, >
Yi_1. This case is coherent, so all weight vectors in S have
zero negative mass. All elements of S must have positive
weight on Y, as any alternative requires negative weights.

The weights w justify the parent mean if:

K-1
— E Yiwi:wKYK.
i=1

Thus, wg is minimized by making ZlK:;l Y,w; as close as
possible to Y}, putting all the weight on Yx_;. Since wg is
the only weight required to be positive, this is all we need
to consider. The case from below, case two from (11), is
analogous.

Finally, consider the case five from (11) where Y, > Y.
S is a singleton since it requires minimizing the total nega-
tive mass. Because weights sum to one, this is equivalent to
minimizing total positive mass. Splitting our problem into
positive and negative mass,

(13)

Y, = w; Y + Z w;Y;
i {i|lw; >0} _{ilwi<0} (14)
<Yk Z w; + Y3 Z w;.
{ilwi>0} {ilw; <0}
Because weights sum to one, >, <oy Wi = 1=, 50) Wi-

Substituting and rearranging, we have

3 v s o=

(15)
{ilw; >0} Ve = V1’

which is minimized at equality. The case from below, case
one in (11), is exactly analogous. O



